Let ƒ: N -• M be a C°° map of oriented compact manifolds, and let L be an oriented closed submanifold of codimension q > 1 in M. If w is a closed form Poincaré dual to L, we show that f~xL, with multiplicities counted, is Poincaré dual to ƒ *w in N and is even meaningful on a "secondary" level. This leads to generalized versions of the Hopf invariant, the Hopf index theorem and the Bezout theorem.
THEOREM 1. The cycle 2(ord T^T t is Poincaré dual to ƒ *w. 2 This assertion improves a known theorem, which requires that ƒ is transversal to L and, consequently, ord I" This formula is verified by using, in essence, the approach described below. The integration over dT ( (e) is first performed over fibers and then over T ( . Since o is defined everywhere on N, its contribution during the integration over fibers can be ignored as e -• 0. The fiber of the e-tubular neighborhood T t (e) is a q~ dimensional submanifold B(e) transversal to T t . We show that ord T t = -lim e _" 0 f dB(e) f*v and thus (1). In order to prove Theorem 2, we take note that uAw' = 0onAf-Z, and Realizing that w' can be modified so that w' vanishes on a neighborhood of L, we can verify this formula in the same way as for (1). EXAMPLE 1. Let M be the ^-sphere bundle obtained by compactifying a C°° vector bundle of fiber dimension q over an oriented compact manifold of dimension <q-\.
Let L Q and L be respectively the zero and the "infinity" sections of At Let ƒ : N = S 2q~l -* M be a C°° map such that both f~lL 0 and ƒ ~lL are smooth and of codimension q iaK Let ƒ *w = c/w and let 2(ord r,)^ = 3Z in TV. According to Theorem 2, f s 2 q -if*w*u=f 2 f*w
= the algebraic linking number of f~iL and f~~1L 0 .
The Whitehead integral formula for the Hopf invariant [3] is thus valid in this generalized situation. EXAMPLE 2. Let M be the fiber bundle obtained from a C°° complex (or quaternion) vector bundle by replacing each fiber with its complex (or quaternion) projective compactification. Let L 0 be the zero section and let L be the union of the hyperplanes at infinity of the fibers. Theorem 1 implies that, under reasonable conditions, the homology class of the poles of a C°° section of M does not depend on the choice of the section. Let E -* N be a C°° complex fc-plane bundle and let s: TV -> # be a C°° section having A as its zero set whose connected components are A t , . . . , A v We assume that each A. is smooth and of codimension 2k in TV. The index of s along A i is the integer index 5 A., which is the usual index of the restriction of s to a 2/>dimensional submanifold meeting A. transversally at a single point under a suitable choice of orientations. Theorem 1 leads to a generalized Hopf index theorem for complex vector bundles.
